Phase errors in a Fizeau phase-shifting interferometer caused by multiple-reflected beams from a retroreflective optics, such as a corner cube and a right-angle prism, are studied. Single-and double-pass configurations are presented, and their measurement results are compared. An attenuator is not needed in a double-pass configuration because light is reflected by the retroreflective optics twice and the reference surface once and hence the intensities match. It is more accurate to test a corner cube or a right-angle prism in a double-pass configuration than in a single-pass configuration. Simulations and experimental results are presented.
Introduction
Spurious reflections normally introduce errors into the measurement results obtained with phase-shift interferometry. '-6 This error has a spatial frequency equal to the sum of the spatial frequencies of the main fringes and the ghost fringes, or their difference. 4 If a test surface, such as a mirror or a corner cube, is highly reflective compared with the reference surface, then the spurious reflection problem becomes more complicated and causes the intensity mismatches and the multiple reflections between the test sample and the interferometer. In the case of multiple reflections, Hariharan 3 points out that if a four-frame phase calculation algorithm is used, the phase error caused by the multiple reflection is eliminated to a first-order approximation. Bonsch and Bohme 5 give a new algorithm that can completely eliminate the phase error (mainly quadruple frequency) because of the multiple reflections of a mirror.
While using a Fizeau interferometer, it is common practice for one to reduce the reflection of a highly reflective test sample by adding an attenuator in front of it. During the testing of a corner cube, it was discovered that there is a single-frequency error that has the same spatial frequency as that of the main interference fringes. But, when we used the same interferometer this single-frequency error was not
The authors are with Wyko Corporation, 2650 E. Elvira Road, Tucson, Arizona 85706. observed for either an uncoated surface or a lowreflection mirror. In a phase-shifting interferometer it is not unusual to see it double-frequency error, which is commonly caused by a piezoelectric transducer (PZT) calibration error. 2 All these indicated that the PZT was well calibrated in the experiment and that this error for a corner cube was not caused by the PZT calibration error. The reflection of a corner cube is different from that of a mirror. For a corner cube not only are there multiple reflections but also retroreflection. Because the phase error caused by multiple reflections of a mirror is eliminated to a first-order approximation, this singlefrequency error for a corner cube must be caused by the retroreflection of a corner cube.
First, we derive the formula of a three-beam approximation for the multiple reflection of a low-reflection mirror tested with a Fizeau phase-shifting interferometer. The formula shows that for a mirror the effect of multiple reflections is canceled. But this is not true for a corner cube. For simplicity, we derive the formula for retroreflection of a right-angle prism. Because both the prism and the cube have retroreflection, the formula can apply to the cube. The formula shows that the multiple reflection of a corner cube introduces errors into the measurement result. We further investigate the problem by using different attenuators to control the effective reflectance of the samples and hence the multiple reflections. We present the results of the experiments performed with a flat mirror, a right-angle prism, and a corner cube. The cube is tested in both single-and double-pass configurations.
Multiple Reflections of a Mirror
In practice, the intensities of the two beams from the test and the reference surfaces may be the same or may be within a magnitude of 10 to each other. In this paper we deal only with the situation in which the effective reflectance of the test surface, R 2 , is several times the effective reflectance of the reference surface, R 1 . Here we assume that R 2 < 50% and R = 4%. In this section the multiple reflection between two surfaces with different reflectances are presented without approximation, and the fourframe phase calculation algorithm is used in the phase-error analysis. Then a three-beam model is presented. The results show that for the threebeam model the phase errors caused by multiple reflections are eliminated.
The amplitudes of the beams of multiple reflections between the reference and the test surfaces are shown in Fig. 1 . It can be shown without any approximation that the normalized intensity is equal to
phase shifting is defined as
where ac and dc correspond, respectively, to the numerator and the denominator in the right-hand side. When we use Eq. (1), the modulation can be expressed as a function of rl, r 2 and the initial phase &. It can be shown that the modulation varies slightly for different initial phases. The numerator and the denominator represent the ac and the dc parts of a modulated signal, respectively. Figures 2(a) and 2(b) are the intensity profile and the phase error for the initial phases from 00 to 360°, respectively, for various R, and R 2 . The dotted curve in Fig. 2(a) is the best-fit sinusoidal curve to the intensity profile. When two surfaces have different reflectances, the modulation is less than the unity and the intensity is no longer sinusoidal. The phase error caused by multiple reflection has a spatial frequency of four times that of the main interference fringes, and this error is small and negligible as shown in Fig. 2 (b). Although it can be shown that for a higher reflectance R 2 the phase error that is due to the multiple reflection is still negligible, the fringe contrast further decreases. The low contrast becomes a more important error source than the multiple reflection, and the phase is difficult to measure accurately. In Table 1 , if R 1 is quadrupled, then the phase error is approximately quadrupled. In the following, we limit RI equal to 4% and R 2 less than 50%.
A three-beam approximation is presented below to help understand the effect of the multiple reflections on the phase-shifting interferometer. Figure 3 is a schematic of a Fizeau phase-shifting interferometer with a laser source at 633 nm. The two surfaces of the transmission flat, whose refractive index n, are the reference surface (R) and the antireflective surface (AR). The coefficients of reflection of the reference surface (R) and the test surface (T) are ri and r 2 , respectively. The three returned beams are r, t, and s, respectively. The amplitude of the beam reflected by the reference surface is r, exp i[+i(x) + 2nr(X) + I , (4) where TI is the phase shift introduced by the PZT and (X) is the surface contribution of the reference surface. The factor 2n is due to internal reflection.
Xi(x) is the wave front at the output aperture of the Fizeau interferometer and hence represents the system aberration. Similarly, the amplitudes of the first-and second-reflected beams by the test surface are (6) respectively, where Xt(x) is the contribution of the test surface, i.e., the test-surface profile plus the distance between two surfaces. The minuses for r(X) and X are due to the back reflection of the reference surface, and 2(n -1)r(X) is due to the transmission of the reference surface. When a factor of exp i [2(n -1)dr(X)] is extracted from each of the three beams, the complex amplitudes of the three beams can be simplified and are given as follows:
from the reference surface,
from the first reflection of the test surface,
from the secondary reflection.
Therefore the intensity of the three-beam interfer-
where 
It should be noted that the system aberration (i(x) is cancelled. This is why the system aberration of a Fizeau interferometer is not critical. When the reference surface is shifted to introduce a phase shift of -90° between each step, the intensities of four frames are obtained with = 0, -90°, -180°, and -270°, respectively. When the four intensities are substituted into Eq. (2), it is clear that the third term E cos(4t -4r) is canceled in the subtraction operation and the resulting phase equals 2(+t -r)-Hence, for the three-beam approximation the phase error caused by multiple reflections is eliminated completely. Although the derivation above is different from Hariharan's, both have the same result. He pointed out that, if a four-frame phase calculation algorithm is used, the phase error caused by multiple reflections of a mirror is eliminated to the first-order approximation. However, if there is a corner cube, the result is different. Although a new algorithm given by Bonsch and Bohme 5 can completely eliminate the phase error (mainly quadruple frequency) introduced by the multiple reflections of a mirror, neither this nor the four-frame algorithm can remove the single-frequency error caused by the multiple reflections of a retroreflector. In the next section, using the three-beam approximation, we are able to explain this error and propose a method to reduce this error.
To justify the three-beam model, the values of C, D, E, and F of Eq. (8) are listed in Table 2 , for RI = 4% and various R 2 . Because both D and F terms of Eq. (8) have the same argument in the trigonometric function, they can be added together. The opposite signs of D and F mean that they interfere destructively. When we compare Table 2 with Table 1 , it can be seen that C = dc of Eq. (3) and D + F = ac of Eq. (3). Therefore, to the second order, Eqs. (7) and (8) are good approximations of the electric field and the intensity of the multiple reflection, respectively, for a phase-shifting interferometry.
Retroreflections of a Right-Angle Prism
In this section we use the three-beam approximation to derive the wave-front formulas reflected by a retroreflector. To ensure that the interference can be approximated as a three-beam interference, an attenuator is inserted to make the effective reflectance of the retroreflector less than 50%. Thus the derivation in the previous section can be applied here. For simplicity, we use a right-angle prism, instead of a corner cube, to derive the wave-front formula when both retroreflection and multiple reflections occur. At the end of this section we present a double-pass configuration where multiple reflections can be negli- if x > 0, (9) where d is the contribution from one half of the prism and (~i is the phase of the incident beam that (9) is also valid for x < 0. Thus, by defining an operator 0, which flips the sign of the coordinates, we can express the test beam, i.e., the output wave front out from the first reflection, as
for both x > 0 and x < 0. Because this equation includes both 4fp(x) and 4p(-x), the contribution of a right-angle prism must be an even function. Here we define t(,,e(X) to represent the total contribution from both halves of the prism,
For a corner cube, because of the symmetry about the center of a corner cube, the retroreflection of a cube is an even function for the r coordinate of a polar coordinate system. Therefore all the derivations for the prism can apply to the cube, by simply replacing x with r. It is obvious that tfe(x) is an even function and can represent the contribution of a right-angle prism or a corner cube. 
where C, D, E, and F are the same as those defined in Eq. (8) and te(x) is defined in Eq. (11) and is the ,contribution of the test sample, which is equivalent to 4t(x) in Eq. (8). The second subscript of ko,(x) and 4)r,e indicates that they are the odd part of cij(x) and the even part of r(X), respectively. Comparing Eq.
(15) with Eq. (8), we find two differences: (a) In Eq.
(15) the arguments of the terms D and F include the odd portion of the system aberration, hj, 0 (x); i.e., the system aberration is not canceled. (b) The reference surface contribution is 4r(X) in the D term and 4r (-X) in the F term.
From Eq. (15) for T = 0, -90°, -180°, -270° for the four frames, the differences of the four-frame intensities are
e(X) -2r,e(X) + 2r,(X)], -O12

= 2D cos[-2(,j(x) + te() -2r,e(X) -2r,o(X)]
+ 2F cos[2(, 0 (x) + (|t,j(X) -2)re(X) + 24)r,o(X)].
(16) In Eq. (16) the term E is canceled because of the subtraction operation. Because of the discrepancy between the arguments of the trigonometric functions, the phase error obtained with Eq. (16) is much more complicated than that with Eq. (8). Therefore the multiple reflection of a corner cube is different from the multiple reflection of a mirror. For instance, the system aberration is canceled while a mirror is tested with a Fizeau interferometer. On the other hand, for a corner cube the system aberration is not canceled.
If the amplitude of the beam of the secondary reflection is negligible (i.e., F << D), the resultant phase is equal to (te(x) -2, 0 (x) -2r(x) with an error equal to 24ir(x) + 24j, 0 (x). Because the aberration of a right-angle prism or a corner cube, te(x), is always an even function, as explained above, the odd part of the error must be subtracted mathematically from the resultant phase to reduce the measurement error. If the amplitude of the beam of the secondary reflection is not negligible, the situation becomes complicated. Even the tilt of the reference surface can affect the results as explained below and shown in the experiment.
For simplicity, here we assume that the aberration of the interferometer is negligible i.e., 4ij(x) = 0. So is the reference surface except for the tilt of the reference surface; i.e., re(x) = piston and ro(x) = tilt. Thus the arguments of the trigonometric functions of Eq. (16) It can be easily shown that the phase error has the same spatial frequency as that of the ghost fringes. 2 4 (c) Similarly, if 2(ro(x) + t,e(x) = 0, for either x > 0 or x < 0, the phase of term F is equal to a constant and the main interference pattern has many tilt fringes determined by the phase of term D. Since only the first order of the spurious reflections is considered, both effects b and c have the same magnitude of phase error, and the phase error is a single-frequency error. If the higher order is considered, the errors for effects b and c are different, as shown in the experiment. Figure 5 shows the reference and the test beams for a prism or a cube tested in a double-pass configuration, where the lower portion of the reference surface is blocked between it and the interferometer. The test beam is reflected by the prism twice and by the R Fig. 5 . Double-pass configuration. The lower portion of the reference surface is blocked. r is the reference beam, and t is the test beam, which is reflected by the prism twice and by the reference surface once. reference surface once. This test beam is equal to the secondary reflection beam in Eq. (14) . Because the reference surface is uncoated, any light reflected by the reference surface more than once is negligible. Therefore the double-pass configuration is a twobeam interference situation. Using Eq. (14), we find that the complex amplitudes of the reference and the test beams are given below, respectively,
from the test surface, (17) and the intensity of their interference is
If R = 4% and R 2 = 92% (i.e., r = 0.20 and r2 = 0.96), then both the dc term and the ac coefficientare approximately equal to 7%. Therefore, in the double-pass configuration the fringe contrast is close to unity without using an attenuator. It should be noted that only the even part of the reference wave front, kre(X), is included in Eq. (18), and hence varying the tilt of the reference surface does not affect the interference fringe pattern. This can be ob- It should be noted that 4i(x) is not included in this equation, and hence the aberration of a Fizeau interferometer has no effect on the measurement. If (re(x) = 0, the prism contribution te(x) equals one half of the resultant phase or arctangent value. The double-pass measurement is twice as sensitive as the single-pass measurement. On the other hand, while tested with the attenuator of T = 20%, the resultant OPD is about 0.006X rms. The difference between two resulting phases is within the interferometer noise level. This shows that the effect of the multiple reflection on the measurement result of a mirror is negligible. Figure 6a is the interferogram of a right-angle prism tested in a single-pass configuration with an attenuator of T = 70%. The reference surface is not tilted at all, and the main interference fringes are evenly distributed in both sides of the pupil. Figure  6b is the x profile of the resultant OPD along the middle of the prism. The ripples are about 0.015X (peak to valley-v) and are a combination of the double-and quadruple-frequency errors. The quadruple-frequency error, which is of interest and much smaller than the double one, is much less than 0.015X (peak to valley-v). Figure 7 is similar to Fig. 6 , but the reference surface is slightly tilted in a direction such that in the right-hand side of the pupil the main interference fringes are vertical and the ghost fringes are horizontal, and vice versa in the left-hand side. (The type of fringes can be distinguished by comparing the fringe contrasts on both sides of the pupil. These horizontal fringes are introduced to show the fringe contrast. During the experiment, there are no horizontal fringes.) There are approximately 17 vertical fringes in each half of the pupil. Figure 7b shows the x hA A profile of the resultant OPD along the middle of the prism; each half has approximately 17 ripples. A small portion of a 6-in. (15-cm) output aperture of a Fizeau interferometer is used to ensure that the aberrations of the interferometer and the reference surface are negligible except for the tilt of the reference surface. The difference between Figs. 6 and 7 clearly indicates that the tilt of the reference surface has some effects on the measurement. In Fig. 6a the interference fringes are symmetric in both sides of the pupil. The tilt of the reference surface is zero, (ro(x) = 0. This was ensured with an accurate corner cube. Therefore the multiple reflection has almost no effect, as shown in Fig. 6b , where the quadruple-frequency error is negligible. In Fig. 7a the main interference fringes are horizontal in the left-hand side and vertical in the right-hand side. From the previous section, along a horizontal line,
24?~ro(X)
,te(X) in the left-hand side of the pupil and 24,(x) --t,e(x) in the right-hand side. In Fig. 7b the OPD error has the same frequency as that of the interference fringes, i.e., a single-frequency error; The error is 0.16X (peak to valley-v) as predicted with the three-beam model. 8 The error cannot be explained otherwise. This shows that the threebeam model works reasonably well. In the experiment the pattern of Fig. 7b is swapped, when the tilt of the reference surface is adjusted such that the pattern of can also be seen that the frequency of the OPD error varies with the tilt of the reference surface. To explain why the OPD error in the left-hand side is smaller than that in the right, the higher orders of the multiple reflections have to be included. Note that, when an attenuator of T = 20% is used, the ripples in Fig. 6b disappear, but there still are residual ripples about 0.02X (peak to valley) in Fig. 7b . Therefore, in a single-pass configuration, it is important to match the intensities of both beams and to align the reference surface properly by obtaining a symmetric interferogram as shown in Fig. 6a . Figure 8 is the wave-front deformation of a corner cube tested in a single-pass configuration with an attenuator of T = 20%, and hence multiple reflection is negligible. The two isometric contours are obtained before and after mathematically subtracting the odd aberrations of the resultant phases obtained using Eq. (2) . Figure 8(a) shows symmetry with respect to the center. The asymmetry should not exist for a corner cube. This indicates that the system aberration of the interferometer is neither cancelled nor negligible. Therefore the odd aberra- tion of the resultant OPD should be removed when the cube is tested in a single-pass configuration.
For a double-pass configuration the left-hand side of the pupil of the corner cube does not appear in the interferogram, because the beam is blocked at that portion. Figure 9 is the isometric contours of the resultant OPD of a corner cube tested in a doublepass configuration without using an attenuator. The contrast of the interference fringes is high. This indicates that the intensities of both test and reference beams match. The resultant OPD is obtained using Eq. (19) without substracting any odd aberration. Cbmparing Fig. 9 with Fig. 8b carefully, one can see that there is no odd aberration in Fig. 9 . It means that the system aberration is canceled in the double-pass configuration. In this configuration it is interesting to note that the interferogram pattern does not change when the tilt of the reference surface is adjusted.
Conclusion
When a low-reflection mirror is tested in a Fizeau phase-shifting interferometer, multiple reflections have no effect on the measurement, even though the fringe contrast is no longer sinusoidal. However, this is not true if the multiple reflections include retroreflections of a corner cube or a right-angle prism. For the same R 1 and R 2 the phase error that is due to multiple reflections with a retroreflection is much greater than that without retroreflection. In a single-pass configuration, ideally, light is reflected by the corner cube once. Because of the high reflectance of the corner cube, the intensities of the test and the reference beams do not match. The test beam reflected by the test surface is partially reflected by the reference surface, and multiple reflections occur. Because the wave front is flipped about the center of the cube when it is retroreflected by the cube, the misalignment of the reference surface, such as tilt, results in a ripple in the surface profile and affects the measurement accuracy. If the reference surface is properly aligned, the phase error that is due to the multiple reflections with retroreflections can be neglected. It should be noted that, even when multiple reflections are negligible, the system aberration of the interferometer is not canceled because of the flipping of the wave front. Therefore in a single-pass configuration it is important to match the intensity to eliminate multiple reflections and to subtract the odd aberration from the resultant OPD mathematically. Besides, one should always align the reference surface to obtain a symmetric main interferogram.
In a double-pass configuration half of the reference surface is blocked. The test beam is reflected by the corner cube twice and by the reference surface once. The intensities of both the reference and the test beams match, and hence multiple-beam interference does not occur and an attenuator is not necessary. Because of the double reflection, the sensitivity of the double-pass configuration is twice that of the singlepass one. To ensure that the system aberration of the interferometer is canceled in a double-pass configuration, the corner cube should be placed as close to the reference surface as possible. Otherwise the wave front might change too much because of a long propagation. Therefore it is more accurate to test a corner cube or a right-angle prism in a double-pass configuration than in a single-pass configuration. It can be shown that all the derivations are correct for both the four-frame algorithm and the five-frame algorithm. 2 9 It can also be shown that for the double-pass configuration all the dihedral-angle equations 0 1 1 derived in a single-pass configuration are correct.
